
Applications of multiscale hierarchical decomposition to blind

deconvolution

Tobias Wolf∗, Stefan Kindermann†, Elena Resmerita‡, and Luminita Vese§

March 31, 2025

Abstract

The blind image deconvolution is a challenging, highly ill-posed nonlinear inverse problem. We in-
troduce a Multiscale Hierarchical Decomposition Method (MHDM) that is iteratively solving variational
problems with adaptive data and regularization parameters, towards obtaining finer and finer details of
the unknown kernel and image. We establish convergence of the residual in the noise-free data case, and
then in the noisy data case when the algorithm is stopped early by means of a discrepancy principle.
Fractional Sobolev norms are employed as regularizers for both kernel and image, with the advantage of
computing the minimizers explicitly in a pointwise manner. In order to break the notorious symmetry
occurring during each minimization step, we enforce a positivity constraint on the Fourier transform of
the kernels. Numerical comparisons with a single-step variational method and a non-blind MHDM show
that our approach produces comparable results, while less laborious parameter tuning is necessary at
the price of more computations. Additionally, the scale decomposition of both reconstructed kernel and
image provides a meaningful interpretation of the involved iteration steps.

1 Introduction

An important problem in image processing is the image restoration one, which aims to remove noise and blur
from a degraded image. More precisely, assume that f is a given blurry-noisy image, with the degradation
model f = k ∗ u + nδ, where u is the true image to be recovered, k is a blurring kernel, and nδ denotes
some kind of additive noise. There are plenty of statistical, variational and partial differential equation
strategies to approach the problem. A classical variational model for this linear ill-posed problem under the
assumption of normally distributed noise is

min
u

{∥f − k ∗ u∥2L2(R2) + λReg(u)}, (1)

where λ > 0 is the regularization parameter that should balance stability and accuracy in the solution
reconstruction, and Reg stands for a penalty that promotes desired features for the recovered image, such as
total variation in case of piecewise constant structures (see [33]). However, recovering both u and k from f ,
knowing little information about the degradation, is a highly ill-posed nonlinear inverse problem, so-called
blind deconvolution. For instance, it occurs in the context of astronomical imaging [18, 28, 31], microscopy
[20, 10, 41] or movement correction in digital photography [7, 14, 23]. As above, one way to alleviate the
difficulty in solving this problem is to use the variational approach with regularization.

Seminal work in [40] and [9] proposed blind deconvolution models using joint minimizations of the form

min
u,k

{∥f − k ∗ u∥2L2(R2) + λReg(u) + µReg(k)}, (2)

which can be solved using alternating minimization and two coupled Euler-Lagrange equations. Here Reg
denotes some generic regularization functional, which might be chosen differently for u and k. In [40], the
regularization terms were both Sobolev H1 norms, while in [9], they were the total variation for u, and
total variation or the Sobolev norm H1 for k. Still, the joint regularization problem, as is, involves too
much symmetry between the unknowns u and k and thus, non-uniqueness issues appear. Note that, under

some assumptions, if (ũ, k̃) is a joint minimizer in (2), then also
(
mk̃, ũ

m

)
is a joint minimizer, for some

constant m. A detailed analysis of this difficulty and useful ideas are presented in the book [8, Chapter
5]. For instance, additional constraints can be included for better restoration: k ≥ 0,

∫
R2 k(x) dx = 1, or k
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radially symmetric, to break the symmetry of the problem. Regarding possible regularization functionals,
we mention the works [38, 35, 22] which employ sparsity promoting functionals based on ℓp (quasi)norms, as
well as [13, 34] where generalizations of the total variation are used as penalty terms for the image. Note that
regularization of both the image and the kernel seems necessary, since omitting a penalty on the latter might
lead to inadequate results, cf [29]. Beside the variational approaches, two stage methods [12, 19], as well
as a multitude of (statistically motivated) iterative algorithms [17, 25, 15, 1, 24] have been proposed. More
recently, the application of machine learning methods to blind deconvolution has become popular [32, 3, 16].
However, in this work, we focus on a different technique, called multiscale hierarchical decomposition of
images (MHDM), introduced in [36, 37], that favors gradual reconstruction of image features at increasingly
small scales. More precisely, in that work for (denoising and) non-blind deconvolution, it was emphasized
that separating cartoon and texture in images is highly dependent on the scale λ from (1), in the sense that
details in an image (usually part of the texture) can be seen as a cartoon at a refined scale, such as λ/2.

In [36, 37], one starts with getting a minimizer u0 of (1), then continues with iteratively solving similar
minimization problems which aim at extracting more detailed information from the current data f−k∗(u0+
· · ·+ ui−1) by using different scale parameters λ at every step. Thus, one obtains a sequence of minimizers
u0, u1, ..., via

ui ∈ argmin
u

{∥f − k ∗ (u+ u0 + · · ·+ ui−1)∥2L2(R2) + λiReg(u)},

such that f ≈ k ∗ (u0 + u1 + ...+ un). Energy estimates and applications to non-blind deconvolution, scale
separation, and registration are shown in [37, 27]. Moreover, error estimates for the data-fitting term, and
stopping index rules are provided in recent works [26, 21, 2], which also clearly point out that the MHDM
merits are at least twofold. Namely, it provides fine recoveries of images with multiscale features that are
otherwise not obtainable by single step variational models, and it is pretty robust with respect to the choice
of the initial parameter λ (and of parameters involved in the computational procedures), thus avoiding
the burden of choosing it appropriately when performing only one step in (1). To be fair though on the
comparison, note that more computations are involved when using MHDM.

To benefit from these effects, we are interested to extend the MHDM to the more complex problem of
blind deconvolution. Clearly, we do not have

(k0 + k1 + ...+ kn) ∗ (u0 + u1 + ...+ un) = k0 ∗ u0 + k1 ∗ u1 + ...+ kn ∗ un,

as we would try to “blindly” apply the hierarchical decomposition method to blind deconvolution. Instead,
we introduce an appropriate procedure that provides reconstructions of the kernel and of the true image of
the form in the left-hand side above. Let us first specify the notation. We consider the observed blurred
and noisy image fδ given by

fδ = K† ∗ U† + nδ, (3)

where U† is the true image, K† a blurring kernel, and nδ some additive noise. We therefore assume
U†,K† ∈ L2(R2) for the convolution to be well-defined. Here L2(R2) denotes the space of real-valued,
square integrable function on R2. The space of complex valued, square integrable functions will be denoted
byL2(R2,C). Let J1, J2 : L2(R2) → R ∪ {∞} be proper, lower semicontinuous, convex and non-negative
functionals. The aim is to reconstruct U† and K† from the observation fδ by adapting the MHDM to
problem (3). That is, we would like to decompose U† and K† as sums

U† =

∞∑
i=0

ui, K† =

∞∑
i=0

ki, (4)

where each component ki and ui contains features of K† and U†, respectively, at a different scale. Let
us point out that the additive decomposition of both convoluted functions has a multitude of potential
applications, even beyond image deblurring. For instance, the sequence of iterates ki contains information
that could be used in the classification or learning of point-spread-functions in real applications, such as in
remote sensing and atmospheric sciences, where point-spread-functions are not known and have complicated
features and oscillations at different scales (see for instance the GeoSTAR PSF in [39]). Furthermore, such
decompositions could be applied to parameter identification problems with an unknown differential operator.
The kernel decomposition in such problems corresponds to an additive decomposition of the problem’s Green-
function. Hence, the scale decomposition of this function can be interpreted as different physical effects.
Those components corresponding to coarser scales describe the overall model, while the finer scales act as
its refinements.

Therefore, we proceed as follows. Let (λn)n∈N0 , (µn)n∈N0 be decreasing sequences of positive real
numbers. Additionally, let Φ : (L2(R2) × L2(R2)) × L2(R2) → [0,∞) be a measure of similarity between
K ∗U and an image f , which satisfies Φ(K,U, f) = 0 for all K,U with K ∗U = f . We consider data fidelity
terms for noisy observations that have the form

Φ(K,U, fδ) =
∥∥fδ −K ∗ U

∥∥2
L2 + δS1(U) + δS2(K). (5)
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Here

δS(z) =

{
0 if z ∈ S

∞ if z /∈ S

denotes the indicator function of a convex set S and is used to encode additional assumptions such as
positivity of the kernel or constraints on the means of images and kernels.

We compute the initial iterates as

(u0, k0) ∈ argmin
u,k∈L2(R2)

Φ(k, u, fδ) + λ0J1(u) + µ0J2(k). (6)

Next, set U0 = u0, K0 = k0 and determine the increments u1, k1 such that U1 = U0 + u1 and K1 = K0 + k1
via

(u1, k1) ∈ argmin
u,k∈L2(R2)

{∥∥fδ − (k +K0) ∗ (u+ U0)
∥∥2
L2

+ δS1
(u+ U0) + δS2

(k +K0) + λ1J1(u) + µ1J2(k)

}
.

Thus, we iterate for n ∈ N0,

(un+1, kn+1) ∈ argmin
u,k∈L2(R2)

Φ(k +Kn, u+ Un, f
δ) + λn+1J1(u) + µn+1J2(k), (7)

that is,

(un+1, kn+1) ∈ argmin
u,k∈L2(R2)

{∥∥fδ − (k +Kn) ∗ (u+ Un)
∥∥2
L2

+ δS1
(u+ Un) + δS2

(k +Kn) + λn+1J1(u) + µn+1J2(k)

}
,

and set Un+1 = un+1 + Un, Kn+1 = kn+1 +Kn. Note that (7) can also be formulated as

(Un+1,Kn+1) ∈ argmin
U,K∈L2(R2)

Φ(K,U, fδ) + λn+1J1(U − Un) + µn+1J2(K −Kn). (8)

We extract in a nonlinear way a sequence of functions (atoms) approximating f = K† ∗ U†,

f ≈ k0 ∗ u0,
f ≈ (k0 + k1) ∗ (u0 + u1),

. . .

f ≈ (k0 + k1 + ...+ kn) ∗ (u0 + u1 + ...+ un) = Kn ∗ Un.

This refined multiscale hierarchical blind deconvolution model will provide a better choice for the solution
than the single step (variational) model, especially when reconstructing images with different scales, as
each component (ui, ki) at a scale (λi, µi) contains additional information that would have been ignored at
the previous, coarser scales. As usual for ill-posed problems, we stop the iterations early, according to the
discrepancy principle, in order to prevent meaningless computational steps.

We focus on Sobolev norms as regularizers for both kernel and image, and show that the iterates can be
computed in a pointwise manner by means of the Fourier domain. When choosing the Fourier transforms
of the kernels to be positive, we get the chance to break the unwanted symmetry which naturally occurs
in such regularization frameworks. An interpretation of this choice in terms of positive definite functions is
provided as well. Note that considering more modern penalties in our approach is beyond the scope of this
study, since it would require accounting for a priori information and tedious computational methods specific
to that setting.

Our work is structured as follows. Section 2 presents the convergence properties of the method, as well
as the stopping rule. Section 3 is dedicated to the regularization with Sobolev norms, detailing the pointwise
computation of the minimizers, while Section 4 illustrates the numerical experiments that fairly compare
our procedure to a single-step variational method and to a non-blind deconvolution method.
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2 Convergence properties and stopping rule

To the best of our knowledge, convergence results of the iterates Un and Kn generated by the MHDM are
not even known for simpler one-variable deblurring problems, see [37]. However, convergence of the residual
fδ −Kn ∗ Un can be shown analogously to Theorems 2.1 and 2.3 in [21]. For completeness, we will provide
a proof in the case of noisy data.

Theorem 2.1. Let f = K† ∗ U† be the blurry, but noise-free image, and let (Un,Kn) = (
∑n

i=0 ui,
∑n

i=0 ki)
with (ui, ki) attained from (6), (7) with fδ replaced by f . Assume that J1 and J2 are minimal at 0 and that
there are C1, C2 ≥ 1 such that J1(v1 − v2) ≤ C1(J1(v1)+ J1(v2)) and J2(h1 −h2) ≤ C2(J2(h1)+ J2(h2)) for
all v1, v2, h1, h2. Additionally, assume U† ∈ dom J1 and K† ∈ dom J2. If λn and µn are chosen such that
λn−1 ≥ 2Cλn and µn−1 ≥ 2Cµn for all n ∈ N with C = max {C1, C2}, then Φ(Un,Kn, f) is decreasing in
n and satisfies

Φ(Un,Kn, f) ≤
2C
(
λ0J1(U

†) + µ0J2(K
†)
)

n+ 1
. (9)

It is well-known that iterative methods for ill-posed problems perturbed by noise have to be stopped
early. We use the discrepancy principle as a stopping criterion, namely we terminate the iteration at index
n∗(δ) defined as

n∗(δ) = max
{
n ∈ N : Φ(Kn, Un, f

δ) > τδ2
}
+ 1 (10)

for some τ > 1. The well-definedness of the stopping index n∗(δ) is a consequence of the following Theorem,
where for simplicity of notation the iterates obtained from the noisy observation fδ are still denoted by Kn

and Un.

Theorem 2.2. Under the assumptions of Theorem 2.1, let Un,Kn be obtained by (6) and (7). If
∥∥nδ∥∥

L2 ≤ δ

for some δ > 0 holds, then the residual Φ(Kn, Un, f
δ) is decreasing in n and satisfies the estimate

Φ(Kn, Un, f
δ) ≤

2C
(
λ0J1(U

†) + µ0J2(K
†)
)

n+ 1
+ δ2. (11)

If additionally (n∗(δ))δ>0 is unbounded as δ → 0, then (Φ(Kn∗(δ), Un∗(δ), f
δ))δ>0 converges to zero.

Proof. Let n0 ∈ N. We may assume Φ(Kn0 , Un0 , f
δ) ≥ δ2, as otherwise there is nothing to show. By the

optimality of (un, kn) in (7), it is

Φ(Kn, Un, f
δ) + λnJ1(un) + µnJ2(kn) ≤ Φ(Kn−1, Un−1, f

δ) + λnJ1(0) + µnJ2(0). (12)

Together with by the minimality of J1 and J2 at 0, this implies that Φ(Kn, Un, f
δ) is decreasing in n. On

the other hand, comparing to (U† − Un−1,K
† −Kn−1) yields

Φ(Un,Kn, f
δ) + λnJ1(un) + µnJ2(kn) ≤ Φ(Un−1 + (U† − Un−1),Kn−1 + (K† −Kn−1), f

δ)

+ λnJ1(U
† − Un−1) + µnJ2(K

† −Kn−1)

≤ δ2 + λnJ1(U
† − Un−1) + µnJ2(K

† −Kn−1) (13)

Now, for any 1 ≤ j ≤ n0 it is
Φ(Kj , Uj , f

δ) ≥ δ2, (14)

and we have

Φ(Kj , Uj , f
δ) + λjJ1(U

† − Uj) + µjJ2(K
† −Kj)

= Φ(Kj , Uj , f
δ) + λjJ1(U

† − uj − Uj−1) + µjJ2(K
† − kj −Kj−1)

≤ Φ(Kj , Uj , f
δ) + C

(
λjJ1(U

† − Uj−1) + J1(uj) + µjJ2(K
† −Kj−1) + J2(kj)

)
= Φ(Kj , Uj , f

δ) + λjJ1(uj) + µjJ2(kj)

+ (C − 1) (λjJ1(uj) + µjJ2(kj))

+ C
(
λjJ1(U

† − Uj−1) + λjJ2(K
† −Kj−1)

)
(13)

≤ δ2 + (C − 1) (λjJ1(uj) + µjJ2(kj))

+ (C + 1)
(
λjJ1(U

† − Uj−1) + µjJ2(K
† −Kj−1)

)
(13)

≤ δ2 + (C − 1)
(
δ2 − Φ(Kj , Uj , f) + λjJ1(U

† − Uj−1) + µjJ2(K
† −Kj−1)

)
+ (C + 1)

(
λjJ1(U

† − Uj−1) + µjJ2(K
† −Kj−1)

)
4



(14)

≤ δ2 + 2C
(
λjJ1(U

† − Uj−1) + µjJ2(K
† −Kj−1)

)
.

Therefore the choice λj−1 ≥ 2Cλj and µj−1 ≥ 2Cµj yields

Φ(Kj , Uj , f
δ) + λjJ1(U

† − Uj) + µjJ2(K
† −Kj) ≤ δ2 + λj−1J1(U

† − Uj−1) + µj−1J2(K
† −Kj−1). (15)

Using 0 instead of Uj−1 and Kj−1 in the previous calculations, one obtains for j = 0 that

Φ(K0, U0, f
δ) + λ0J1(U

† − U0) + µ0J2(K
† − k0) ≤ δ2 + 2C(λ0J1(U

†) + µ0J2(K
†)). (16)

Using (15) repeatedly for j = 1, . . . , n0 and employing the non-negativity of J1 and J2, it is

(n0 + 1)Φ(Un0
,Kn0

, f)
(12)

≤
n0∑
j=0

Φ(Uj ,Kj , f) +
(
λn0

J1(U
† − Un0

) + µn0
J2(K

† −Kn0
)
)

(15)

≤ δ2 +

n0−1∑
j=0

Φ(Uj ,Kj , f) +
(
λn0−1J1(U

† − Un0−1) + µn0−1J2(K
† −Kn0−1)

)
≤ · · · ≤ (n0)δ

2 +
(
λ0J1(U

† − U0) + µ0J2(K
† −K0)

)
(16)

≤ (n0 + 1)δ2 + 2C
(
λ0J1(U

†) + µ0J2(K
†)
)
.

Dividing by n0 + 1 proves (11).

3 Sobolev norm regularizers

In order to illustrate our proposed method, we follow the work [6] and use Sobolev norms as regularizers for

kernels and images. That is, we consider the case Φ(K,U, f) = ∥K ∗ U − f∥2L2+δS1
(U)+δS2

(K), J1 = ∥·∥2Hr ,

and J2 = ∥·∥2Hs for r, s ≥ 0. For defining the Bessel Potential norm for r ∈ R we set ∆(x) = 1 + |x|2. Then

∥u∥2Hr =

∫
R2

∆(x)r |û(x)|2 dx (17)

where û is the Fourier transform of u. Note that the well-definedness of the MHDM with those regularizers
follows analogously to [19, Theorem 3.6] for all sets of constraints that are closed under addition and satisfy
S1 ∩ dom J1 ̸= ∅ and S2 ∩ dom J2 ̸= ∅. However, we will start with analyzing the MHDM without any
constraints (i.e. S1 = S2 = L2(R2)). Hence, we compute the first iterate (U0,K0) via

min
u,k∈L2(R2)

∥k ∗ u− f∥2L2 + λ0 ∥u∥2Hr + µ0 ∥k∥2Hs . (18)

The norm defined in (17) is a different, but equivalent norm than the one used in [6]. Nonetheless, the

results of [6, Lemma 3.3] still hold: Denote the Fourier transform of f by f̂ and z̄ the complex conjugate of

a complex number z. Then, the Fourier transforms (û0, k̂0) of all minimizers of (18) are pointwise given as

û0 = sgn (ψ̄f̂)

√[√
µ0

λ0
∆s−r

∣∣∣f̂ ∣∣∣− µ0∆s

]
+

, (19)

k̂0 = sgn (ψ)

√√√√[√λ0
µ0

∆r−s
∣∣∣f̂ ∣∣∣− λ0∆r

]
+

, (20)

for arbitrary measurable functions ψ with ψ(x) ̸= 0 for all x. Here [w]+ := max {w, 0} and

sgn (z) =

{
z
|z| , if z ̸= 0,

0, if z = 0,

for z ∈ C. Generally, applying the inverse Fourier transform to (19) and (20) gives complex-valued minimizers
of (18). Thus, in order to obtain real-valued minimizers we need an appropriate choice for the function ψ.
For this, recall the following result.

Proposition 3.1. Let u ∈ L2(Rd,C) with Fourier transform û. Then

leftmirgin = 2em û is real-valued if and only if u satisfies u(x) = u(−x) for all x ∈ Rd.

5



leftmiirgiin = 2em u is real-valued if and only if û satisfies û(x) = û(−x) for all x ∈ Rd.

Proof. See [5, Chapter 1].

Since the image f is real-valued, we obtain f̂(x) = f̂(−x) for all x ∈ R2. Moreover, due to the symmetry
of ∆(x), we choose ψ such that ψ(x) = ψ(−x) for all x ∈ R2, thereby ensuring that the inverse Fourier

transforms of û0 and k̂0 are real-valued.
For our method, we choose ψ = 1 and compute u0, k0 by applying the inverse Fourier transform. With this
choice, we can interprete û0 as the pointwise square root of a shrinkage operator applied to f̂ . In particular,
small frequencies in Fourier domain are eliminated, which removes noise. Furthermore, the choice ψ = 1
means that the Fourier transform of k0 is non-negative almost everywhere. Let us also give an interpretation
of this. First, recall the notion of positive semi-definite functions (see, e.g. [30, Section 4.4.3]).

Definition 3.2. A function φ : Rd → C is positive semi-definite if

N∑
l,m=1

φ(xl − xm)ξlξ̄m is real-valued and satisfies

N∑
l,m=1

φ(xl − xm)ξlξ̄m ≥ 0 (21)

for all x1, . . . , xn ∈ Rd, ξ1, . . . , ξN ∈ C and any N ∈ N.

Lemma 3.3. Let k : Rd → C be a function such that its Fourier transform k̂ is non-negative almost
everywhere. Then k is positive semi-definite.

Proof. It follows analogously to the proof of [30, Theorem 4.89].

This means, the kernel k0 obtained from choosing ψ = 1 in (20) is positive semi-definite. In particular,
it has the following properties, as one can see from (21) and Proposition 3.1.

Corollary 3.4. Let φ : Rd → C be positive semi-definite. Then

leftmirgin = 2em φ(0) is real-valued and non-negative,

leftmiirgiin = 2em |φ(x)| ≤ φ(0) for all x ∈ Rd,

leftmiiirgiiin = 2em φ(−x) = φ(x) for all x ∈ Rd.

Proof. See Chapter 12, Lemma 3 in [11].

Thus, k0 attains a maximum at x = 0. Moreover, the solutions of (18) will be even functions with a
peak at x = 0, so that they might be particularly useful to approximate conical combinations of centered
Gaussians.
We therefore want to have the constraint that the images have the same Fourier phase as f̂ and the kernels
have non-negative Fourier-transforms for all iterates of the MHDM. In the following we will show that the
iterates of the MHDM with S1 = S2 = L2(R2) can indeed be chosen to have this property. As a result,
we obtain an explicit way to compute the iterates pointwise as certain minimizers of (7) without having to

enforce the constraints that sgn (Ûn) = sgn (f̂) and that K̂n is non-negative.

Computation of the increments

Let us start with deriving how to compute the increments (un+1, kn+1) for n ≥ 0. Generally, we have to
solve problems of the form

(un+1, kn+1) ∈ argmin
u,k∈L2(R2)

∥(u+ Un) ∗ (k +Kn)− f∥2L2 + λn+1 ∥u∥2Hr + µn+1 ∥k∥2Hs . (22)

Thus, in the Fourier space, this amounts to solving

(ûn+1, k̂n+1) ∈ argmin
û,k̂∈L2(R2,C)

{∫
R2

∣∣∣(û(x) + Ûn(x))(k̂(x) + K̂n(x))− f̂(x)
∣∣∣2

+ λn+1∆(x)r |û(x)|2 + µn+1∆(x)s
∣∣∣k̂(x)∣∣∣2 dx}. (23)

As for computing minimizers in the initial step (18), we would like to solve (23) pointwise. Following the
notation of [6], we fix x ∈ R2 and set

an+1 = λn+1∆
r(x), bn+1 = µn+1∆

s(x),

6



qn = K̂n(x), pn = Ûn(x), z = f̂(x). (24)

Hence, we are concerned with computing

(p∗n+1, q
∗
n+1) ∈ argmin

p,q∈C
fn(p, q) := argmin

p,q∈C
|(p+ pn)(q + qn)− z|2 + an+1 |p|2 + bn+1 |q|2 , (25)

where p∗n+1 = ûn+1(x) and q∗n+1 = k̂n+1(x). For the subsequent analysis of (25), we derive the first order
optimality conditions with complex variables. To this end, we consider the problem as a minimization
problem in R2. We start with the following observation. For any complex number w = Re (w) + iIm (w),
we write the canonical embedding into R2 as w̃ = (Re (w) , Im (w))T . Hence, for u, v, w ∈ C it is

|vu− w|22 =

∥∥∥∥( ṽ1 −ṽ2
ṽ2 ṽ1

)
ũ− w̃

∥∥∥∥2
2

Taking the gradient with respect to ũ, then gives

∇ũ

(∥∥∥∥( ṽ1 −ṽ2
ṽ2 ṽ1

)
ũ− w̃

∥∥∥∥2
2

)
= 2

(
ṽ1 ṽ2
−ṽ2 ṽ1

)((
ṽ1 −ṽ2
ṽ2 ṽ1

)
ũ− w̃

)
= 2v̄(vu− w).

Therefore, the first order optimality conditions of (25) are given by

(q̄ + q̄n)((p+ pn)(q + qn)− z) + an+1p = 0, (26)

(p̄+ p̄n)((p+ pn)(q + qn)− z) + bn+1q = 0. (27)

The following Theorem shows that it is possible to choose the increment q∗n non-negative for all n ∈ N,
which therefore yields that the iterates qn are non-negative, for all n ∈ N.

Theorem 3.5. There is a choice for (p∗n, q
∗
n) such that

leftmirgin = 2em qn ∈ [0,∞),

leftmiirgiin = 2em z̄pn = zp̄n ∈ [0,∞),

leftmiiirgiiin = 2em z̄pnqn ≤ |z|2

for all n ∈ N0. Here p∗0 = p0 and q∗0 = q0 are understood as the solution of (25) with p−1 = q−1 = 0.

Proof. If z = 0, then pn = qn = 0 for all n ∈ N, and the claim follows trivially. Hence, we assume z ̸= 0.
Since an+1 > 0 for all n ∈ N0, equation (26) is equivalent to

p+ pn =
an+1pn + z(q̄ + q̄n)

|q + qn|2 + an+1

. (28)

With this, we can prove the claims by induction.

Base case: Choose q∗0 ∈ [0,∞) according to (19). Therefore, one has q̄0 = q0 = q∗0 and, by (28), it follows
that

z̄p∗0 = z̄p0 =
z̄zq0

|q0|2 + a1
=

q0 |z|2

|q0|2 + a1
≥ 0,

and

z̄p0q0 =
|q0|2 |z|2

|q0|2 + a1
=

|q0|2

|q0|2 + a1
|z|2 ≤ |z|2 .

Therefore, (i)–(iii) follow for the case n = 0.

Induction step: Assume (i)–(iii) hold for some n ∈ N0. In particular, this means q̄n = qn, so that (28)
becomes

p+ pn =
an+1pn + z(q̄ + qn)

|q + qn|2 + an+1

. (29)

Hence, we can restrict the minimization of fn to minimizing over the set of all (p, q), for which p
satisfies (29). We thus need to minimize the functional

f̃n(q) : =

∣∣∣∣∣an+1pn(q + qn) + z |q + qn|2

|q + qn|2 + an+1

− z

∣∣∣∣∣
2

+ an+1

∣∣∣∣∣an+1pn + z(q̄ + qn)

|q + qn|2 + an+1

− pn

∣∣∣∣∣
2

+ bn+1 |q|2
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=

∣∣∣∣∣an+1pn(q + qn)− an+1z

|q + qn|2 + an+1

∣∣∣∣∣
2

+ an+1

∣∣∣∣∣z(q̄ + qn)− pn |q + qn|2

|q + qn|2 + an+1

∣∣∣∣∣
2

+ bn+1 |q|2

=
a2n+1(

|q + qn|2 + an+1

)2 |pn(q + qn)− z|2 + an+1 |q + qn|2(
|q + qn|2 + an+1

)2 |z − pn(q + qn)|2 + bn+1 |q|2

=

 a2n+1(
|q + qn|2 + an+1

)2 +
an+1 |q + qn|2(

|q + qn|2 + an+1

)2
 |pn(q + qn)− z|2 + bn+1 |q|2

=
an+1

|q + qn|2 + an+1

|pn(q + qn)− z|2 + bn+1 |q|2 .

leftmirgin = 2em In order to show that qn+1 ≥ 0, we only need to show that we can choose q∗n+1 ≥ 0. First, observe

that f̃n must attain a minimum by coercivity and continuity. Therefore, let q̃ be a minimizer
of f̃n. Hence, it suffices to prove f̃n(q̃) ≥ f̃n(|q̃|). Let now r ≥ 0. We show that on the set
{q ∈ C : |q| = r}, the choice q = r minimizes f̃n. Indeed, for q with |q| = r, it holds

f̃n(q) =
an+1

|q + qn|2 + an+1

|pn(q + qn)− z|2 + bn+1 |q|2

=
an+1

r2 + |qn|2 + 2qnRe (q) + an+1

|pn(q + qn)− z|2 + bn+1r
2

≥ an+1

r2 + |qn|2 + 2qnr + an+1

|pn(q + qn)− z|2 + bn+1r
2

=
an+1

|r + qn|2 + an+1

|pn(q + qn)− z|2 + bn+1r
2

=
an+1

(|r + qn|2 + an+1) |z|2
∣∣∣z̄pn(q + qn)− |z|2

∣∣∣2 + bn+1r
2

=
an+1

(|r + qn|2 + an+1) |z|2
(
(z̄pn)

2 |q|2 + (z̄pnqn − |z|2)2 + 2(z̄pn)(z̄pnqn − |z|2)Re (q)
)
+ bn+1r

2

=
an+1

(|r + qn|2 + an+1) |z|2
(
(z̄pn)

2r2 + (z̄pnqn − |z|2)2 + 2(z̄pn)(z̄pnqn − |z|2)Re (q)
)
+ bn+1r

2

≥ an+1

(|r + qn|2 + an+1) |z|2
(
(z̄pn)

2r2 + (z̄pnqn − |z|2)2 + 2(z̄pn)(z̄pnqn − |z|2)r
)
+ bn+1r

2

=
an+1

(|r + qn|2 + an+1) |z|2
∣∣∣z̄pn(r + qn)− |z|2

∣∣∣2 + bn+1r
2

= f̃n(r),

where the last inequality follows from z̄pn ≥ 0 and z̄pnqn ≤ |z|2. Thus, for any r ≥ 0 the minimum
of f̃n on the circle of radius r is attained for q = r. In particular, we obtain f̃n(q̃) ≥ f̃n(|q̃|).

leftmiirgiin = 2em From the previous part, we know that there is a pair (p∗n+1, q
∗
n+1) minimizing fn such that

q∗n+1 ≥ 0. By definition, it is pn+1 = p∗n+1 + pn, so we can multiply (29) with z̄ to obtain

z̄pn+1 = z̄
an+1pn + z(q∗n + qn)

|q∗n + qn|2 + an+1

=
an+1z̄pn + |z|2 qn+1

|qn+1|2 + an+1

≥ 0.

leftmiiirgiiin = 2em If pn+1 = 0, the claim follows trivially. Thus, we assume pn+1 ̸= 0 and find from (27) that

p̄n+1(qn+1pn+1 − z) + bn+1q
∗
n+1 = 0.

Multiplying with z̄ and rearranging implies

z̄pn+1qn+1 = −bn+1q
∗
n+1

z̄

p̄n+1
+ |z|2 .

Denote φz = arg z and φpn+1
= arg pn+1. It is

z̄

p̄n+1
= |z| |pn+1|−1

e−iφz
(
e−iφpn+1

)−1
=

|z|
|pn+1|

ei(φpn+1
−φz) ≥ 0,

since φpn+1 − φz = arg (z̄pn+1). Therefore, −bn+1q
∗
n+1

z̄
p̄n+1

≤ 0, which yields z̄pn+1qn+1 ≤ |z|2.
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Note that we can use q∗n+1 instead of q in (28) to compute p∗n+1. Consequently Ûn+1 is obtained pointwise
via

Ûn+1 =
(λn+1∆

s)Ûn + f̂ K̂n+1∣∣∣K̂n+1

∣∣∣2 + λn+1∆s

. (30)

However, this does not guarantee that applying the inverse Fourier transform to Ûn+1 and K̂n+1 yields
real-valued solutions of (22). In order to find such solutions we make use of the following observation.

Lemma 3.6. Assume that Un and Kn are real valued and let x ∈ R2. If (u∗, k∗) is a solution to

(u∗, k∗) ∈ argmin
u,k∈L2(R2,C)

{∣∣∣f̂(x)− (u+ Ûn(x))(k + K̂n(x))
∣∣∣2 + λn+1∆(x)r |u|2 + µn+1∆(x)s |k|2

}
,

then (ū∗, k̄∗) is a solution of

(u∗, k∗) ∈ argmin
u,k∈L2(R2,C)

{∣∣∣f̂(−x)− (u+ Ûn(−x))(k + K̂n(−x))
∣∣∣2 + λn+1∆(−x)r |u|2 + µn+1∆(−x)s |k|2

}
.

Proof. Note that f̂(x) = f̂(−x), Ûn(x) = Ûn(−x), and K̂n(x) = K̂n(−x) by Proposition 3.1. Furthermore,
we have ∆(x) = ∆(−x). Let

h(u, k) :=
∣∣∣f̂(x)− (u+ Ûn(x))(k + K̂n(x))

∣∣∣2 + λn+1∆(x)r |u|2 + µn+1∆(x)s |k|2 ,

and

h̃(u, k) :=
∣∣∣f̂(−x)− (u+ Ûn(−x))(k + K̂n(−x))

∣∣∣2 + λn+1∆(−x)r |u|2 + µn+1∆(−x)s |k|2 .

Since it holds that

h̃(ū, v̄) =
∣∣∣f̂(−x)− (ū+ Ûn(−x))(k̄ + K̂n(−x))

∣∣∣2 + λn+1∆(−x)r |ū|2 + µn+1∆(−x)s
∣∣k̄∣∣2

=
∣∣∣f̂(x)− (ū+ Ûn(x))(k̄ + K̂n(x))

∣∣∣2 + λn+1∆(x)r |u|2 + µn+1∆(x)s |k|2

=
∣∣∣f̂(x)− (u+ Ûn(x))(k + K̂n(x))

∣∣∣2 + λn+1∆(x)r |u|2 + µn+1∆(x)s |k|2 = h(u, k),

the claim follows.

Combining Theorem 3.5 and Lemma 3.6 shows that we can choose the sequence (Un,Kn)n∈N0
such that

Un and Kn are real valued, and K̂n is non-negative for every n ∈ N. We summarize this in the following
Lemma.

Lemma 3.7. There are sequences (Un,Kn)n∈N0 of real-valued functions with

(U0,K0) ∈ argmin
u,k∈L2(R2)

{
∥f − k ∗ u∥2L2 + λ0 ∥u∥2Hr + µ0 ∥k∥2Hs

}
and

(Un+1 − Un,Kn+1 −Kn) ∈ argmin
u,k∈L2(R2)

{
∥f − (k +Kn) ∗ (u+ Un)∥2L2 + λn+1 ∥u∥2Hr + µn+1 ∥k∥2Hs

}
for n ∈ N0, such that K̂n is real-valued and non-negative. Moreover (Un,Kn) can iteratively be computed
as follows:

leftmirgin = 2em U0 and K0 are the inverse Fourier transforms of Û0 and K̂0 in (19) and (20), respec-
tively, with Ψ = 1.

leftmiirgiin = 2em For n ∈ N0, Un+1 and Kn+1 are the inverse Fourier transforms of Ûn+1 = Ûn + ûn+1

and K̂n+1 = K̂n + k̂n+1, where ûn+1, k̂n+1 solve

(ûn+1, k̂n+1) ∈ argmin
û,k̂∈L2(R2,C)

{∥∥∥f̂ − (û+ Ûn)(k̂ + K̂n)
∥∥∥2
L2

+ λn+1 ∥∆rû∥2L2 + µn+1

∥∥∥∆sk̂
∥∥∥2
L2

}
and satisfy k̂n+1(x) ∈ [0,∞), k̂n+1(x) = k̂n+1(−x), ûn+1(x) = ûn+1(−x) for all

x ∈ R2, as well as sgn (ûn+1) = sgn (f̂).
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Proof. From Lemma 3.6, we know that it suffices to find sequences (Ûn, K̂n)n∈N of pointwise minimizers
of the integrand in (22) on the half-plane ∈ [0,∞) × R. The existence of such K̂n follows from Theorem
3.5. In particular, we have K̂n(x) ∈ [0,∞) so that by induction over (30) we obtain Ûn with sgn (Ûn(x)) =

sgn (f̂(x)). Now, extend Ûn and K̂n by setting K̂n(x) := K̂n(−x) and Ûn(x) := Ûn(−x) on (−∞, 0] × R.
According to Lemma 3.6 these extended functions are minimizers of (23). The realness of the inverse Fourier
transforms is a consequence of Poposition 3.1 and the fact that f is real-valued.

We can now construct a method to directly solve (25). Following the proof of Lemma 3.7, it suffices to
solve (25) pointwise for x ∈ [0,∞) × R. For better readability, we again use the notation (24). First, we
plug (29) in (27) to obtain∣∣∣∣∣an+1pn + z(q̄ + qn)

|q + qn|2 + an+1

∣∣∣∣∣
2

(q + qn)− z
an+1p̄n + z̄(q + qn)

|q + qn|2 + an+1

+ bn+1q = 0.

Multiplying with (|q + qn|2 + an+1)
2, we get

|an+1p̄n + z̄(q + qn)|2 (q + qn)

− (anzp̄n + |z|2 (q + qn))(|q + qn|2 + an+1)

+ bn+1q(|q + qn|2 + an+1)
2 = 0. (31)

Since we are interested in finding a real solution of this equation, we can assume q ∈ R and expand to

bn+1(q + qn)
5 − bn+1qn(q + qn)

4 + 2anbn+1(q + qn)
3

+ [2an+1Re(p̄nz)− anzp̄n − 2anbn+1qn] (q + qn)
2

+
[
a2n+1 |pn|

2 − an+1 |z|2 + a2n+1bn+1

]
(q + qn)− a2n+1 (zp̄n + bn+1qn) = 0. (32)

Since both qn and zp̄n are real numbers, this is a polynomial of degree 5 with only real coefficients. We
can thus choose q∗n+1 to be the real root of (32), for which fn as in (25) attains the smallest value. Then

p∗n+1 is determined by (28). We have therefore computed ûn+1 and k̂n+1 on [0,∞) × R. Extending with
complex conjugation to R2 and taking the inverse Fourier transform, then gives real-valued solutions of (22),

such that the k̂n+1 is real-valued and non-negative. Thus, by choosing the those minimizers for which the
Fourier transform of the kernel is real and non-negative in the MHDM iteration, we implicitly incorporate
the constraint K̂n(x) ≥ 0 for all x. Therefore, all approximations of the kernel will be positive semi-definite
enforcing properties (i)–(iii) in Corollary 3.4, that acts as a way to break the symmetry of problem (18).

Remark. If more information on the phase of the true kernel is available, one might want to one choose ψ
in (19) and (20) to be a different complex-valued function instead of a non-negative one. In this case, the

sequence (ûn, k̂n)n∈N generated by (23) can be chosen such that sgn k̂n = sgnψ for all n ∈ N. To see this,

notice that substituting sgn (ψ)k̂, sgn (ψ)K̂n, sgn (ψ̄f̂)û and sgn (ψ̄f̂)Ûn for k̂, K̂n, û and Ûn, respectively,
in (23), does not change the value of the objective function. Thus, we can use the iterates obtained with the

constraint k̂ ≥ 0 to compute the iterates of a MHDM with the constraint sgn (k̂) = sgn (ψ).

In order to further ensure that the iterates are reasonable approximations of the true image and kernel,
we additionally assume f ∈ L1 and impose constraints on their means:∫

R2

Kn = 1,

∫
R2

Un =

∫
R2

f (33)

for all n ∈ N. Those constraints are fairly standard and can for instance be found in [8, 17]. In summary,
this means we are considering the constraint sets:

S1 =

{
u : R2 → R :

∫
R2

u =

∫
R2

f

}
, S2 =

{
k : R2 → R :

∫
R2

k = 1, k̂ ≥ 0

}
.

It is not clear if these constraints can be translated into Fourier space such that the iterates of the MHDM can
still be computed in a pointwise manner. Since for any function u ∈ L1(R2) it is known that û is uniformly
continuous [4, p.1], it must be

∫
R2 u = û(0). However, simply enforcing the constraint Ûn(0) =

∫
R2 f in (23)

does not affect
∫
R2 Un as the resulting minimizer in Fourier space would only differ from the unconstrained

one on a set of measure 0 and Ûn is an element of Hr(Rn) and not necessarily of L1(Rn). Note that this
problem does not occur in the discretized setting we use for the numerical experiments, as will be outlined
later.
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Remark. Instead of employing a Bessel Potential norm as a penalty term for the image, it would be
a natural idea to use a functional that favors expected structures. For instance, one could use the total
variation to promote cartoon-like images. However, numerical experiments suggest that the iterates of such
blind-deconvolution MHDM seem to approximate the trivial solution u = f and k = δ, where δ denotes
the Dirac delta distribution. This could possibly be overcome by a specific choice for the sequences (λn)n∈N
and (µn)n∈N, but would first require a deeper analysis of convergence behavior of the blind MHDM in this
scenario, which is not within the scope of this work.

4 Numerical Experiments1

The goal of our numerical experiments is to illustrate the behavior and robustness of the blind deconvolution
MHDM. To this end, we compare the reconstructed image and kernel from the proposed method to those
obtained from using a non-blind MHDM or a single step variational regularization, as in (18). To achieve a
fair comparison, we use the same regularizers for all methods under investigation. By using squared Bessel
Potential norms, we obtain reasonable reconstructions that might not necessarily outperform methods with
more problem specific regularizers. However, we think that comparing our approach to such methods
should be done with a version of the MHDM that also uses more sophisticated regularizers, that is beyond
the scope of this work. We want to stress that the advantage of our method is the interpretability of the
scale decomposition and the potential to adapt it to a multitude of regularizers that possibly could vary
along the iterations rather than significantly better reconstructions than those of a single-step variational
approach with optimal regularization parameters.

4.1 Discretization and Implementation

Recall that J1 = ∥·∥2Hr and J2 = ∥·∥2Hs for r, s ≥ 0. We discretize an image u supported on a rectangular
domain (a, b)× (c, d) as a matrix, i.e., u ∈ Rm×n. Following the derivation in Section 7.1.2 of [19], we define
the weight matrix for the Sobolev norm in Fourier space by the matrix ∆ ∈ Rm×n with entries

∆i,j = 1 + 2m2

(
1− cos

(
2πi

m

))
+ 2n2

(
1− cos

(
2πj

n

))
.

Hence, a discretization of the Sobolev norm is given by

∥u∥2Hr =

m∑
i=1

n∑
j=1

∆r
i,j |ûi,j |

2
,

where û denotes the discrete 2D Fourier transform. Therefore, the n-th step of the MHDM is given by the
pointwise update rule

(k̂
(n)
i,j , û

(n)
i,j ) ∈ argmin

k̂,û∈C

{(
(k̂ + k̂

(n−1)
i,j )(û+ û

(n−1)
i,j )− f̂i,j

)2
+ λn∆

r
i,j |û|

2
+ µn∆

s
i,j

∣∣∣k̂∣∣∣2} , (34)

with k̂−1
i,j = u−1

i,j = 0. Thus for n = 0, we can solve (34) by

û
(0)
i,j = sgn (f̂i,j)

√[√
µ0

λ0
∆s−r

i,j

∣∣∣f̂i,j∣∣∣− µ0∆s
i,j

]
+

k̂
(0)
i,j =

√√√√[√λ0
µ0

∆r−s
i,j

∣∣∣f̂i,j∣∣∣− λ0∆r
i,j

]
+

.

For n ≥ 1, we make the same substitutions as in (24):

an = λn∆
r
i,j , bn = µn∆

s
i,j ,

qn = k̂
(n−1)
i,j , pn = û

(n−1)
i,j , z = f̂i,j ,

To find critical pairs (k̂i,j , ûi,j), we compute the positive roots of (32) that yield candidates for k̂i,j and use
(29) to obtain the corresponding candidates for ûi,j . The minimizing pair can then be found by choosing the
critical pair, which gives the smallest value for the objective function in (34) and enforce the antiysmmetry
condition as described in the proof of Lemma 3.7. In order to obtain meaningful reconstructions u(n), k(n),

1The program code is available as ancillary file from the arXiv page of this paper.
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U y f1 f2

Figure 1: From left to right: true test image U†, observation obtained with single Gaussian blur and noise
fδ1 and observation obtained with mixture of Gaussians and noise fδ2 .

Figure 2: Left: single Gaussian kernel used to obtain fδ1 , Right: Convex combination of multiple Gaussian
kernels used to obtain fδ2 .

we employ the additional constraint (33) that the mean of the kernel is 1 and the mean of the reconstructed
image matches the mean of the observation. In the discretization that means

m∑
i=1

n∑
j=1

k
(n)
i,j = 1,

m∑
i=1

n∑
j=1

u
(n)
i,j =

m∑
i=1

n∑
j=1

f
(n)
i,j .

Since we are using discrete Fourier transforms, these constraints are equivalent to k̂i,1 = 1 and û1,1 =
m∑
i=1

n∑
j=1

f
(n)
i,j . Thus, we implement them by making the updates

k̂
(n)
1,1 =

{
1 if n = 0,

0 if n ≥ 1.
and û

(n)
1,1 =

{
f̂1,1 if n = 0,

0 if n ≥ 1.

instead of the previous procedure for the first entries of the matrices.

4.2 Behavior of the blind-deconvolution MHDM

For illustrating the behavior of the proposed method, we consider the image Barbara (denoted by U†), which
has been blurred by convolution with two different kernels. For the first blurring we choose a Gaussian kernel
K†

1 of mean µ = 0 and variance σ = 8. In the second kernel K†
2 , we use a convex combination of several

Gaussians. In both cases, the blurred image was additionally corrupted with additive Gaussian noise (mean
µ = 0, variance σ = 4× 10−4). That is, we deal with observations fδ1 , f

δ
2 obtained via fδi = Utrue ∗Ki + nδ

for i = 1, 2. The true image, blurred images and noise corrupted blurred images can be found in Figure 1,
the corresponding kernels are shown in Figure 2.

Curiously, the results of all our experiments (including the more extensive experiments later) improve if s
is chosen smaller than r. This means, we penalize the image with a more smoothness promoting regularizer
than the kernel. Furthermore, we observe that as long as the ratio λ0

µ0
is constant, the actual choice of the

initial parameters λ0, µ0 does not significantly influence the quality of the final iterates but only the number
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U4 U5

Figure 3: Left: reconstructed kernel and image at stopping index for data fδ1 . Right: reconstructed kernel
and image at stopping index for data fδ2 .
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Figure 4: Left: Residual of the blind MHDM and noise level for fδ1 , Right: Residual of the blind MHDM
and noise level for fδ2 .

of iterations needed until the discrepancy principle is satisfied.
For our experiments we choose r = 1 and s = 0.1, and run the MHDM with initial parameters λ0 =
1.4 × 10−4, µ0 = 6.3 × 105. In accordance with Theorem 2.2, we choose the parameters at the n-th step
as λn = 4−nλ0 and µn = 4−nµ0. Since in this experiment we artificially added noise and hence know the
exact noise level, the iteration is stopped according to the discrepancy principle (10) with τ =

√
1.001.

The reconstructed kernels and images are illustrated in Figure 3. Figure 4 shows the decay of the residual
for both experiments. In both figures, one can clearly see the monotone decrease of the residual, confirming
the theoretical results from Theorem 2.1. Figure 5 shows the different scales un that are obtained with the
MHDM employed for the observation fδ2 . One can see that each step adds another layer of details to the

reconstruction. The corresponding scales kn and iterates Kn =
n∑

i=0

kn for the reconstructed kernel can be

seen in Figures 6 and 7. It appears that the role of the scales is to adapt the reconstructed kernel in a
twofold way. On the one side, the height of the peak seems to increase along the iterations, while its radius
decreases. On the other side, the off-peak oscillations appear to be flattend. Notably, the early coarse scales
seem to recover the support of the bump, and the fine scales mostly shape the height of it. In the experiment
with data fδ1 , the scale decomposition for the reconstructed image and kernel look similar.

Moreover, the experiments suggest that a suboptimal choice for the initial ratio leads to a worse kernel
reconstruction while, upon an affine rescaling of the grayscale values, the reconstructed images are visually
still good. This is illustrated in Figure 8, where the reconstructed kernels and images (with the pixel values
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u0 u1 u2

u3 u4 u5

Figure 5: Scale decomposition un obtained from fδ2 .

Figure 6: Scale decomposition kn obtained from fδ2 .
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Figure 7: Iterates Kn =
n∑

i=0

ki obtained from fδ2 .

rescaled) for different initial parameters λ0 and µ0 are shown. We observe that visually all images are
indistinguishable and approximate the true image well. Similarly, the corresponding kernels are structurally
similar to the real one, but their numerical values are very disproportional.

4.3 Experiment 1: Comparison of blind MHDM vs. non-blind MHDM

We compare the proposed blind MHDM to a non-blind version of the MHDM (see for instance [37, 26]) that

uses the penalty term J = ∥·∥2Hr for the image. Instead of including the reconstruction of the blurring kernel
in the method, we simply make a guess in the non-blind MHDM and stop the iteration once the discrepancy
principle is satisfied. The non-blind MHDM therefore only requires the choice of one initial parameter λ0,
which we choose to be the same as for the blind deconvolution MHDM and also decrease according to the
rule λn = 4−nλ0. To compare the two methods, we test the non-blind MHDM for 1000 centered Gaussian
kernels with variances ranging between 1 and 12 as guessed kernels.

In Figures 9 and 10, we compare the performance of the blind MHDM with the non-blind MHDM
algorithm in terms of the error measures PSNR, SSIM (Figure 9), and the L2-error of the kernel (Figure 10).
We consider either the data fδ1 (figures on the left-hand side) or fδ2 (figures on the right-hand side). In each
of the plots, the values on the x-axis correspond to the guessed variance σ of the Gaussian kernel used for
the non-blind MHDM. The full line corresponds to the values of the resulting respective error measures,
whereas the constant dashed line represents the value of the blind MHDM. Clearly, the quality of the non-
blind algorithms depends on the correctness of the choice of σ. For the observation fδ1 , which corresponds
to blurring with a single Gaussian kernel, the non-blind MHDM expectedly outperforms the blind MHDM
only for kernel guesses that are similar to the true kernel. We observe similar behavior for the case fδ2
with multiple Gaussian kernels used in the blurring. However, let us point out that, especially for the error
measures PSNR and SSIM, the non-blind method has only a rather modest advantage and only in the case
when the “guessed” σ is close to the true one, while in case of a wrong guess, the non-blind method can
go wrong quite dramatically as can be seen from the experiments with observation fδ2 (the bottom line in
Figure 9). To further test this information, we repeat the experiment for 16 different test images, where
each of those is corrupted by 3 different blurring kernels: Kernel 1 is a single centered Gaussian kernel with
variance 8 representing a strong blur, Kernel 2 is the convex combination of 4 different Gaussian kernels
with variances ranging from 1 to 5 used in the previous experiments, while Kernel 3 is a centered Gaussian
kernel with variance 2 and represents a mild blur. Additionally, to all blurred images we add Gaussian noise
with respective variances 0.0004, 0.00004, 0.003. Thus we consider a total of 144 different test images. We
then compute approximate solutions of the blind deblurring problem for these images using the MHDM
with discrepancy principle for τ =

√
1.001. Thereafter, we again run 1000 non-blind versions of the MHDM

using 1000 “guessed” Gaussian kernels with variances between 1 and 12. In Table 1 we report the average
ratio of the PSNR and SSIM values between the image obtained via blind MHDM and the best recontructed
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Figure 8: Kernel (top) and image (bottom) reconstructions obtained by running the blind-deconvolution
MHDM with different initial parameters and rescaling the pixel values. From left to right: λ0 = 2 × 10−3

and µ0 = 6.3× 105, λ0 = 1.4× 10−4 and µ0 = 1× 103, λ0 = 2× 10−3 and µ0 = 1× 103, λ0 = 2× 103 and
µ0 = 1× 10−3.

image froom the non-blind method with respect to the noise or blurring kernel.

σnoise
PSNRblind

PSNRguess

SSIMblind

SSIMguess

0.0004 0.870 0.903
4e-05 0.855 0.892
0.003 0.892 0.906

kernel PSNRblind

PSNRguess

SSIMblind

SSIMguess

1 0.907 0.931
2 0.875 0.905
3 0.835 0.865

Table 1: Average ratio of PSNR and SSIM between the images obtained via blind and non-blind deconvo-
lution MHDM sorted by noise level and blurring kernel respcetively.

We note that, on average, the blind MHDM performs at most 13% worse than the optimal non-blind
MHDM. These results indicate that the blind MHDM is a robust method that produces reasonable approxi-
mations. In particular, if the blurring kernel cannot be estimated with high accuracy, then the blind MHDM
is superior to non-blind approaches.

4.4 Experiment 2: Comparison blind MHDM vs variational blind deconvolu-
tion

We compare the blind deconvolution MHDM with a single-step variational regularization as in (18). To
achieve a fair comparsion of the methods, we optimize the regularization parameters. For the single-
step regularization we proceed as follows: For a given ratio of regularization parameters µ0

λ0
, we compute

regularized solutions of the blind-deconvolution problem by a grid search. As for the MHDM, we start this
grid search by computing minimizers for an initial choice of parameters (λ, µ). The consecutive iterates
(uvarn , kvarn ) are then obtained by computing solutions of (18) with parameters (λn, µn) = (4nλ0, 4

nµ0).
This procedure is terminated once the discrepancy principle (10) with τ =

√
1.001 is satisfied. Therefore,

the grid search and the MHDM are stopped according to the same rule which allows to investigate the
effect of the multiscale decomposition. We then optimize both methods with respect to the ratio µ0

λ0
of

the initial parameters. Here we consider optimal those parameters which maximize the PSNR value of
the reconstructed image at the iterate satisfying the stopping rule. In order to observe the effects of the
multiscale decomposition, we additionally require that both methods run for at least 10 iterations until the
discrepancy principle is met. This way, we ensure that there are enough iterations such that the multiscale
effects are observable on the reconstructions. For the experiments, we consider the same 144 test images as
in the previous section. The average PSNR and SSIM values of the reconstructed images and the average
relative L2-error of the reconstructed kernels, as well as the corresponding standard deviations for both
methods, are shown in Table 2 (averages and standard deviations for the different levels of noise) and Table
3 (averages and standard deviations for the different blurring kernels). We observe that, on average, the
MHDM performs slightly better with respect to all considered metrics, apart from the average PSNR for
noise with variance 0.0004. Based on a closer inspection of the experimental data, we notice that the
advantage of the MHDM is, in part, due to the MHDM terminating more frequently with reconstructions
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Figure 9: Top left: PSNR values for non-blind MHDM with guessed kernel for different guesses of the kernel
and data fδ1 ,
Top right: SSIM values for non-blind MHDM with guessed kernel for different guesses of the kernel and
data fδ1 ,
Bottom left: PSNR values for non-blind MHDM with guessed kernel for different guesses of the kernel and
data fδ2 ,
Bottom right: SSIM values for non-blind MHDM with guessed kernel for different guesses of the kernel and
data fδ2 .
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whose residual is closer to the stopping threshold τδ2. This is illustrated in Tables 4 and 5, where we omit
those experiments in which the residuals of the MHDM and the variational grid search at the stopping index
differ by more than 0.1τδ2. We notice that, by neglecting these “outliers”, both methods perform even more
similarly with respect to the quality indicators. By our numerical tests we thus conclude that the MHDM
produces qualitatively similar approximations of the true image and kernel, and typically terminates with
a residual closer to the stopping threshold. This means the MHDM is more robust than a grid search for
single-step blind-deblurring.
Furthermore, we observe for both methods that the optimal ratio µ0

λ0
depends more on the true image

and less on the kernel used to obtain the blurred image. Additionally, for a given image, there is only a
slight difference between the optimal ratios of initial parameters for the MHDM and the grid search in the
single-step approach.

σnoise PSNRMHDM PSNRvar SSIMMHDM SSIMvar errMHDM errvar
0.0004 20.843 (2.524) 20.843 (2.527) 0.594 (0.124) 0.593 (0.125) 0.492 (0.135) 0.496 (0.133)
0.00004 21.128 (2.641) 21.122 (2.639) 0.624 (0.131) 0.623 (0.131) 0.506 (0.180) 0.518 (0.219)
0.003 20.444 (2.344) 20.393 (2.352) 0.554 (0.123) 0.534 (0.128) 0.590 (0.214) 0.703 (0.244)

Table 2: Comparison of the MHDM and the single-step variational blind deblurring for the different noise
variances with respect to the average PSNR and SSIM values for the reconstructed image and average
relative L2-error of the reconstructed kernel. The numbers in brackets are the corresponding standard
deviations.

kernel PSNRMHDM PSNRvar SSIMMHDM SSIMvar errMHDM errvar
1 19.280 (1.825) 19.273 (1.823) 0.517 (0.129) 0.510 (0.127) 0.473 (0.192) 0.535 (0.206)
2 21.359 (2.362) 21.354 (2.355) 0.612 (0.112) 0.612 (0.113) 0.569 (0.145) 0.582 (0.186)
3 21.775 (2.554) 21.732 (2.590) 0.642 (0.110) 0.628 (0.128) 0.547 (0.197) 0.602 (0.269)

Table 3: Comparison of the MHDM and the single-step variational blind deblurring for the different blurring
kernels with respect to the average PSNR and SSIM values for the reconstructed image and average relative
L2-error of the reconstructed kernel. The numbers in brackets are the corresponding standard deviations.

σnoise PSNRMHDM PSNRvar SSIMMHDM SSIMvar errMHDM errvar
0.0004 20.843 (2.524) 20.843 (2.527) 0.594 (0.124) 0.593 (0.125) 0.492 (0.135) 0.496 (0.133)
0.00004 21.144 (2.667) 21.135 (2.666) 0.627 (0.130) 0.627 (0.131) 0.504 (0.181) 0.500 (0.178)
0.003 20.428 (2.437) 20.437 (2.444) 0.552 (0.127) 0.546 (0.127) 0.594 (0.223) 0.657 (0.198)

Table 4: Comparison of the MHDM and the single-step variational blind deblurring for the different noise
variances with respect to the average PSNR and SSIM values for the reconstructed image and average
relative L2-error of the reconstructed kernel after removing “outliers”. The numbers in brackets are the
corresponding standard deviations.

kernel PSNRMHDM PSNRvar SSIMMHDM SSIMvar errMHDM errvar
1 19.280 (1.825) 19.273 (1.823) 0.517 (0.129) 0.510 (0.127) 0.473 (0.192) 0.535 (0.206)
2 21.380 (2.383) 21.372 (2.377) 0.615 (0.111) 0.615 (0.112) 0.568 (0.146) 0.564 (0.143)
3 21.880 (2.633) 21.897 (2.636) 0.648 (0.112) 0.649 (0.113) 0.547 (0.206) 0.547 (0.204)

Table 5: Comparison of the MHDM and the single-step variational blind deblurring for the different blur-
ring kernels with respect to the average PSNR and SSIM values for the reconstructed image and average
relative L2-error of the reconstructed kernel after removing “outliers”. The numbers in brackets are the
corresponding standard deviations.

5 Conclusion

We introduce the Multiscale Hierarchical Decomposition Method for the blind deconvolution problem and
show convergence of the residual in the noise-free case and then in the noisy data case by employing a
discrepancy principle. To demonstrate the efficiency and behavior of the proposed method, we focus on
employing fractional Sobolev norms as regularizers and develop a way to compute the appearing minimizers
explicitly in a pointwise manner. We want to stress that in our experience, any variational approach to blind
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deconvolution should incorporate prior information on the expected blurring kernel. In our setting, this was
done by enforcing a positivity constraint on the Fourier transform of the kernels, thus favoring, e.g., Gaussian
structures. Numerical comparisons with a single-step variational method and a non-blind MHDM show that
our approach produces comparable results, in a more stable manner. Additionally, the scale decomposition
of both reconstructed kernel and image provides a meaningful interpretation of the involved iteration steps.
For future work, this opens up the possibility to modify the method based on prior information of the
underlying true solution. By using multiple penalty terms throughout the iteration, one could construct
approximate solutions that admit different structures at different levels of detail. Nonetheless, we believe
that at first a better understanding of iterates’ convergence behavior is necessary to systematically refine
the method. In future research, we aim to adapt the proposed method for parameter identification problems
with unknown forward operator and the classification of blurring operators occuring in real applications.
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